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The perfectly matched layer �PML� for elastic waves in cylindrical and spherical coordinates is
developed using an improved scheme of complex coordinates. As is known for electromagnetic
waves, Berenger’s original PML scheme does not apply to cylindrical and spherical coordinates.
The straightforward extension of the complex coordinates for elastic waves to cylindrical and
spherical coordinates requires extra unknowns for time-domain solutions, wasting computer
memory and computation time. The main idea of the improved scheme in this work is the use of
integrated complex variables. It is shown that for three-dimensional cylindrical and spherical
coordinates, this improved PML scheme requires no more unknowns than in Cartesian coordinates.
The number of unknowns can be further reduced through the use of symmetry in the partial
differential equations. The PML scheme allows an arbitrary inhomogeneity in the medium, and is
suitable for numerical solutions of wave equations by finite-difference, finite-element, and
pseudospectral methods for elastic waves in inhomogeneous media with cylindrical and spherical
structures. Finite-difference time-domain �FDTD� results are shown to demonstrate the efficacy of
the PML absorbing boundary condition. © 1999 Acoustical Society of America.
�S0001-4966�99�03004-0�

PACS numbers: 43.20.Bi, 43.20.Fn, 43.20.Gp �ANN�

INTRODUCTION

Numerical solutions of partial differential equations for
elastic waves require the truncation of an unbounded me-
dium to fit into computers with a limited memory and com-
putation time. Absorbing boundary conditions �ABCs� are
needed at this truncated boundary to eliminate the reflections
from this boundary to the computational domain. Consider-
able efforts have been made in the development of various
ABCs �e.g., Refs. 1–9�. However, it is still a great challenge
to achieve a broadband, stable, high absorption of outgoing
waves with the conventional ABCs. For example, Liao’s
ABC requires double precision to remain stable, yet its ab-
sorption is not ideal for cylindrical coordinates.10

In 1994, Berenger introduced the perfectly matched
layer �PML� as a highly effective ABC for electromagnetic
waves.11 In the continuous limit, it is proven that a PML
interface between a regular medium and such a fictitious per-
fectly matched medium completely absorbs incident waves
from the regular medium regardless of its incidence angle
and frequency.11,12 This new fictitious material has since
been used extensively in the finite-difference time-domain
�FDTD� simulations of electromagnetic waves. Chew and
Liu13 proved that such a perfectly matched layer also exists
for elastic waves in spite of the coupling of transverse �S�
and longitudinal �P� waves at an elastic interface. This new
ABC has been implemented for two- and three-dimensional
problems. Hastings et al. have developed the PML ABC for
two-dimensional elastic problems using potentials.14 The

PML for scalar acoustic waves has been also developed for
lossy and lossless media.15–17

The previous efforts on PML applications in acoustic
and elastic waves, however, have been concentrated on Car-
tesian coordinates.13–17 For many applications, acoustic and
elastic waves in inhomogeneous media with cylindrical and
spherical structures are of great interest. Examples of such
applications include borehole acoustic measurements5,10,18

and global seismic modeling. Unfortunately, as demonstrated
for electromagnetic waves, the original Berenger’s PML
scheme does not apply to cylindrical and spherical
coordinates.19–23 The straightforward applications of Be-
renger’s PML to cylindrical coordinates will not result in a
reflection-free boundary, thus the name of quasi-PML.19,23

The idea of complex coordinates12,13,20,21 provides a conve-
nient way to formulate the PML for cylindrical and spherical
coordinates which give a reflection-free absorbing boundary
condition. Unfortunately, if applied to cylindrical and spheri-
cal coordinates in its original form, this scheme requires
some extra unknowns from its counterpart in Cartesian coor-
dinates, thus calling for more computer memory and compu-
tation time.

In this work we develop a perfectly matched layer
�PML� for elastic waves in three-dimensional cylindrical and
spherical coordinates without increasing the number of un-
knowns from the Cartesian coordinates. This formulation is
based on the improved PML scheme23 as applied to electro-
magnetic waves in cylindrical coordinates. It represents an
improvement over the straightforward application of the
method of complex coordinates. Some special 2-D elastic
cases as well as the scalar acoustic problems are also dis-
cussed. This PML will be useful to frequency- and time-a�Electronic mail: qhliu@nmsu.edu
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domain numerical solutions of partial differential equations
for elastic and acoustic waves.14,15,24,10,18

I. THE METHOD OF COMPLEX COORDINATES

Consider an inhomogeneous, anisotropic medium with
mass density �, and the second-order elastic constant c jkpq

( j ,k ,p ,q�1,2,3). The linear elastic wave fields are gov-
erned by Newton’s second law of motion and the generalized
Hooke’s law �constitutive relation�. In Cartesian coordinates
(x j , j�1,2,3), the equations for the particle velocity vector
�v j� and stress tensor �	 jk� can be written as

� 
 tv j�
k	 jk , �1�


 t	 jk�c jkpq 
qvp , �2�

where 
k�
/
xk , and repeated index implies summation.
Using the concept of complex coordinates in the fre-

quency domain,12,13,20 we introduce the complex coordinate
variables

x̃ j��
0

x j
e j�x j��dx j� , j�1,2,3, �3�

where

e j�a j�i� j /� , a j1 and � j0. �4�

In the above, a time dependence of e�i�t is implied. The
positive real and imaginary parts a j and � j are the scaling
factor and attenuation factor in the complex
coordinates.12,13,16 Using these complex coordinate variables
x̃ j to replace x j in Eqs. �1� and �2�, and noting that 
/
 x̃ j

�(1/e j)
/
x j , we can obtain the frequency-domain equa-
tions in Cartesian coordinates from Eqs. �1� and �2�:

�i��v j�
1
ek


k	 jk , �5�

�i�	 jk�c jkpq

1
eq


qvp . �6�

In the above equations, if � j�0, waves propagating in
the complex coordinate x̃ j are attenuated. Moreover, because
Eqs. �5� and �6� in the complex � x̃ j� coordinates have exactly
the same forms as those in the original �x j� coordinates,
there are no reflections even though e j can be in general a
function of x j . Therefore, the complex coordinates can pro-
vide a perfectly matched layer to absorb outgoing waves at
the edge of the computation domain in numerical solutions
of these partial differential equations. In the numerical solu-
tions, inside the region of interest we choose e j�1; while in
the PML region, which acts as an absorber, we choose e j

�a j�i� j /� with a j(x j)1 and � j(x j)�0. In the continu-
ous limit, there are no reflections between the regular region
and the PML region.

Equations �5� and �6� can be used in frequency-domain
numerical methods for elastic waves. For transient problems,
we can Fourier transform Eqs. �5� and �6� into time domain.
To this end, we define the split field components v j

(q) and
	 jk
(q) by

v j� �
q�1,2,3

v j
�q � , 	 jk� �

q�1,2,3
	 jk

�q � , �7�

where the superscript denotes the splitting direction. Then
Eqs. �5� and �6� in time domain become

��aq 
 t��q�v j
�q ��
q	 jq , q�1,2,3, �8�

�aq 
 t��q�	 jk
�q ��c jkpq 
qvp , q�1,2,3, �9�

where the repeated index q does not imply summation. Not-
ing the symmetry relation 	 jk�	k j , we observe that in a
regular, non-PML inhomogeneous anisotropic medium (e j

�1), there are nine independent field components �v j ,	 jk�.
However, the PML region contains 27 split field components
�9 for v j

(q) , and 18 for 	 jk
(q)) . On the other hand, if the me-

dium is isotropic as in Ref. 13, we need only 24 split field
components because 	 jk

(q)�0 for j�q and k�q . Further-
more, if the sources for the normal stress components are
identical, only three split normal stress components are nec-
essary, making the total number of unknowns 18.

Note that the above PML formulations are derived for an
inhomogeneous anisotropic medium in Cartesian coordi-
nates. In the following sections, we will derive the PML
equations for isotropic media in cylindrical and spherical co-
ordinates.

II. CYLINDRICAL COORDINATES

A. Elastic wave equations in cylindrical coordinates

Consider an inhomogeneous isotropic medium whose
Lame coefficients � and �, and mass density � are functions
of space. By defining the velocity and stress vectors as

v��vr ,v� ,vz�
T, �10�

���	rr ,	�� ,	zz ,	r� ,	rz ,	�z�
T, �11�

in cylindrical coordinates (r ,� ,z), Newton’s second law of
motion and the constitutive relations can be written com-
pactly as

�
 tv��U �r ��
1
r

U ����U �z ����f, �12�


 t���V �r ��
1
r

V ����V �z ��v�g, �13�

where f�� f r , f � , f z�
T, and g��grr ,g�� ,gzz ,gr� ,grz ,g�z�

T

are the volume source density of body force �N/m3� and the
volume source density of stress rate �Pa/s�, respectively. In
the above, the matrix operators are given by

U �r ��� 
r 0 0 0 0 0
0 0 0 
r 0 0
0 0 0 0 
r 0

� , �14�

U ����� 1 �1 0 
� 0 0
0 
� 0 2 0 0
0 0 0 0 1 
�

� , �15�
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U �z ��� 0 0 0 0 
z 0
0 0 0 0 0 
z

0 0 
z 0 0 0
� , �16�

V �r ���
���2��
r 0 0

�
r 0 0
�
r 0 0
0 �
r 0
0 0 �
r

0 0 0

� , �17�

V �����
� �
� 0

���2�� ���2��
� 0
� �
� 0

�
� �� 0
0 0 0
0 0 �
�

� , �18�

V �z ���
0 0 �
z

0 0 �
z

0 0 ���2��
z

0 0 0
�
z 0 0
0 �
z 0

� . �19�

Our objective is to develop a scheme based on the complex
coordinates to extend the above equations so that waves in a
fictitious medium with the same ��,�,�� parameters will at-
tenuate without giving rise to reflections.

B. 3-D PML absorbing boundary condition

The PML for electromagnetic waves has been developed
for cylindrical coordinates using the complex
coordinates.20–23 Here we adopt the improved complex coor-
dinate stretching approach23 to formulate the PML for elastic
waves in cylindrical coordinates. To this end, we introduce
the complex coordinate transformation

r̃��
0

r

er�r��dr��Ar�r ��i�r�r �/� , �20�

z̃��
0

z

ez�z��dz��Az�z ��i�z�z �/� , �21�

where e��a��i�� /� (��r ,z) is the complex PML
stretching variable in the frequency domain, and a� ,�� are
real and positive functions of �. Note that unlike Cartesian
coordinates which are uniform in all coordinate directions,
the cylindrical and spherical coordinates are nonuniform in
the radial r direction. The integrated stretching variables Ar

and �r compensates for this nonuniformity.
Using these complex variables to replace the original r

and z variables, the frequency domain equations correspond-
ing to Eqs. �12� and �13� can be rewritten. In particular, we
do the following substitutions


r→�ar�i�r /���1
r , r→�Ar�i�r /��,
�22�


z→�az�i�z /���1
z

in Eqs. �12�–�19�. The field components need to be split into

v� �
��r ,� ,z

v���, �� �
��r ,� ,z

����. �23�

Then, Eqs. �12� and �13� can be written in the frequency
domain �where the time-dependence of e�i�t is implied� as

�i�� ã��i�̃� /���v����U ����, �24�

�i�� ã��i�̃� /�������V ���v, �25�

where the source terms have been omitted, and

ã��� ar ,
Ar ,
az ,

��r ,
��� ,
��z ,

�̃��� �r ,
�r ,
�z ,

��r ,
��� ,
��z .

�26�

Transforming Eqs. �24� and �25� into the time domain
we obtain for ��(r ,� ,z),

�� ã� 
 t��̃��v����U ����, �27�

� ã� 
 t��̃�������V ���v. �28�

These equations can be solved by numerical methods such as
the finite-difference method. As was recognized for electro-
magnetic waves,23 with the introduction of the integrated
PML variables Ar and �r , the equations for cylindrical co-
ordinates can be written in a way similar to Cartesian coor-
dinates without introducing new split field components. Note
that the difference in the split equations can all be lumped in
the �-split equations.

In Eqs. �27� and �28�, the unknowns include nine veloc-
ity components (v�

(�) ,� ,��r ,� ,z), nine normal stress com-
ponents (���

(�) ,� ,��r ,� ,z), and six shear stress components
(���
(�) ,��r ,� ,z , ���). The other shear stress components

���
(�) for ��� and ��� are not necessary as the sixth row of
Eq. �17�, fifth row of Eq. �18�, and fourth row of Eq. �19� are
identically zero. Therefore, the total number of unknowns is
24, exactly the same as that for Cartesian coordinates. On the
other hand, the straightforward extension of the complex co-
ordinates to cylindrical coordinates requires more
unknowns.21 The introduction of integrated complex vari-
ables in Eq. �20� help reduce the number of unknowns which
make this particular PML formulation attractive.

Furthermore, if the sources are applied symmetrically to
all normal stress components �i.e., grr�g���gzz), the num-
ber of unknowns can be further reduced. This can be seen
from Eqs. �17� to �19�, as the split normal stress components
are proportional to each other within each split direction
�corresponding to the same superscript�. For example, 	rr

(r) ,
	��
(r) , and 	zz

(r) are proportional to each other, and hence only
one of them is needed as an independent unknown. There-
fore, the independent unknowns in Eqs. �27� and �28� are

�vr
�r � ,v�

�r � ,vz
�r � ,vr

��� ,v�
��� ,vz

��� ,vr
�z � ,v�

�z � ,vz
�z � ,	rr

�r � ,

	r�
�r � ,	rz

�r � ,	��
��� ,	r�

��� ,	�z
��� ,	zz

�z � ,	rz
�z � ,	�z

�z �]T. �29�
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There are only 18 independent unknowns and 18 equations
to be solved, same as for Cartesian coordinates.13

C. 2-D polar coordinates

The elastic wave equations in two-dimensional polar co-
ordinates �no z variations� can be obtained as a special case
of the above formulas with 
z�0, vz�0, and 	z��0 (�
�r ,�). Written in their component forms, the split elastic
wave equations for the 2-D polar coordinates (r ,�) are

��ar 
 t��r�vr
�r ��
r	rr , �30�

��ar 
 t��r�v�
�r ��
r	r� , �31�

��Ar 
 t��r�vr
����	rr�	���
�	r� , �32�

��Ar 
 t��r�v�
����
�	���2	r� , �33�

�ar 
 t��r�	rr
�r �����2��
rvr , �34�

�ar 
 t��r�	��
�r ��� 
rvr , �35�

�ar 
 t��r�	zz
�r ��� 
rvr , �36�

�ar 
 t��r�	r�
�r ��� 
rv� , �37�

�Ar 
 t��r�	rr
������vr�
�v��, �38�

�Ar 
 t��r�	��
�������2���vr�
�v��, �39�

�Ar 
 t��r�	zz
������vr�
�v��, �40�

�Ar 
 t��r�	r�
������
�vr�v��. �41�

Note that in Eqs. �30�–�41�, only eight equations are needed
for the eight independent unknowns

�vr
�r � ,v�

�r � ,vr
��� ,v�

��� ,	rr
�r � ,	r�

�r � ,	��
��� ,	r�

����T �42�

if the sources for the normal stress components are identical.
The other normal stress components can be obtained from
	rr
(r) and 	��

(�) . Therefore, there are only eight unknowns in
the 2-D polar formulation.

D. 2-D axisymmetric problem

Many applications involve both axisymmetric elastic
media and sources. Under such circumstances, the elastic
wave equations in two-dimensional cylindrical coordinates
�with no � variations� can be obtained as a special case of the
3-D formulas with 
��0, v��0, and 	���0 (��r ,z). Writ-
ten in their component forms, the split elastic wave equations
for the 2-D axisymmetric cylindrical coordinates �r,z� are

��ar 
 t��r�vr
�r ��
r	rr , �43�

��ar 
 t��r�vz
�r ��
r	rz , �44�

��Ar 
 t��r�vr
����	rr�	�� , �45�

��Ar 
 t��r�vz
����	rz , �46�

��az 
 t��z�vr
�z ��
z	rz , �47�

��az 
 t��z�vz
�z ��
z	zz , �48�

�ar 
 t��r�	rr
�r �����2��
rvr , �49�

�ar 
 t��r�	��
�r ��� 
rvr , �50�

�ar 
 t��r�	zz
�r ��� 
rvr , �51�

�ar 
 t��r�	rz
�r ��� 
rvz , �52�

�Ar 
 t��r�	rr
�����vr , �53�

�Ar 
 t��r�	��
�������2��vr , �54�

�Ar 
 t��r�	zz
�����vr , �55�

�az 
 t��z�	rr
�z ��� 
zvz , �56�

�az 
 t��z�	��
�z ��� 
zvz , �57�

�az 
 t��z�	zz
�z �����2��
zvz , �58�

�az 
 t��z�	rz
�z ��� 
zvr . �59�

Note that in Eqs. �43�–�59�, only 11 equations are needed for
11 independent unknowns

�vr
�r � ,vz

�r � ,vr
��� ,vz

��� ,vr
�z � ,vz

�z � ,	rr
�r � ,	rz

�r � ,	��
��� ,	zz

�z � ,	rz
�z ��T

�60�
if the sources for normal stress components are identical. The
other normal stress components can be obtained from
	rr
(r) ,	��

(�) ,	zz
(z) .

III. SPHERICAL COORDINATES

A. Elastic wave equations in spherical coordinates

Consider an inhomogeneous isotropic medium whose
Lame coefficients � and �, and mass density � are functions
of space. In spherical coordinates (r ,� ,�), Newton’s second
law of motion and the constitutive relations can be written as

� 
 tvr�
r	rr�
1
r


�	r��
1

r sin �

�	r�

�
2	rr�	���	���	r� cot �

r
� f r , �61�

� 
 tv��
1
r


�	���
r	r��
1

r sin �

�	��

�
3	r���	���	���cot �

r
� f � , �62�

� 
 tv��
1

r sin �

�	���
r	r��

1
r


�	���
3	r��2	�� cot �

r

� f � , �63�


 t	rr���
rvr�
2vr

r
�
1
r


�v��v�

cot �
r

�
1

r sin �

�v��

�2� 
rvr�grr , �64�


 t	�����
rvr�
2vr

r
�
1
r


�v��v�

cot �
r

�
1

r sin �

�v��

�2��vr

r
�
1
r


�v���g�� , �65�
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 t	�����
rvr�
2vr

r
�
1
r


�v��v�

cot �
r

�
1

r sin �

�v���2��vr

r
�v�

cot �
r

�
1

r sin �

�v���g�� , �66�


 t	r����1r 
�vr�
v�

r
�
rv���gr� , �67�


 t	r���� 1
r sin �


�vr�
v�

r
�
rv���gr� , �68�


 t	����� 1
r sin �


�v��
1
r


�v��
v� cot �

r ��g�� ,

�69�

where f � and g�� , �, ���r ,� ,z� are the volume source
density of body force �N/m3� and the volume source density
of stress rate �Pa/s�, respectively.

Following the same procedures as for cylindrical coor-
dinates and omitting the source terms, we can arrive at the
following split equations for PML in spherical coordinates:

��ar 
 t��r�vr
�r ��
r	rr , �70�

��ar 
 t��r�v�
�r ��
r	r� , �71�

��ar 
 t��r�v�
�r ��
r	r� , �72�

��Ar 
 t��r�vr
�x ��
�	r��

1
sin �


�	r�

��2	rr�	���	���	r� cot ��,

�73�

��Ar 
 t��r�v�
�x ��
�	���

1
sin �


�	��

��3	r���	���	���cot �� , �74�

��Ar 
 t��r�v�
�x ��

1
sin �


�	���
�	��

��3	r��2	�� cot ��, �75�

�ar 
 t��r�	rr
�r �����2��
rvr , �76�

�ar 
 t��r�	��
�r ���
rvr , �77�

�ar 
 t��r�	��
�r � ��
rvr , �78�

�ar 
 t��r�	r�
�r ���
rv� , �79�

�ar 
 t��r�	r�
�r ���
rv� , �80�

�Ar 
 t��r�	rr
�x ����2vr�
�v��v� cot �

�
1
sin �


�v�� , �81�

�Ar 
 t��r�	��
�x ����2vr�
�v��v� cot ��

1
sin �


�v��
�2��vr�
�v�� , �82�

�Ar 
 t��r�	��
�x � ���2vr�
�v��v� cot ��

1
sin �


�v��
�2��vr�v� cot ��

1
sin �


�v�� ,
�83�

�Ar 
 t��r�	r�
�x ����
�vr�v�� , �84�

�Ar 
 t��r�	r�
�x ���� 1

sin �

�vr�v�� , �85�

�Ar 
 t��r�	��
�x ���� 1

sin �

�v��
�v��v� cot �� , �86�

where the superscript �x� denotes the splitting in ��,�� direc-
tions. There are 17 unknowns in Eqs. �70�–�86�. However,
among these split field components, only the following 15
independent unknowns

�vr
�r � ,v�

�r � ,v�
�r � ,vr

�x � ,v�
�x � ,v�

�x � ,	rr
�r � ,	r�

�r � ,	r�
�r � ,	rr

�x � ,

	��
�x � ,	��

�x � ,	r�
�x � ,	r�

�x � ,	��
�x �]T �87�

are needed if grr�g���g�� . It is obvious that with this
formulation, the number of unknowns for spherical coordi-
nates is smaller than the cylindrical coordinates as only one
complex coordinate variable ( r̃) is needed in spherical coor-
dinates.

A further reduction in the number of unknowns is pos-
sible if one replaces the split equations �81�–�83� by the
following equations:

�Ar 
 t��r�	rr
������vr�
�v�� , �88�

�Ar 
 t��r�	��
�������2���vr�
�v�� , �89�

�Ar 
 t��r�	��
������vr�
�v�� , �90�

�Ar 
 t��r�	rr
������vr�v� cot ��

1
sin �


�v�� , �91�

�Ar 
 t��r�	��
������vr�v� cot ��

1
sin �


�v�� , �92�

�Ar 
 t��r�	��
�������2���vr�v� cot ��

1
sin �


�v�� .
�93�

It is obvious that 	rr
(�) , 	��

(�) , and 	��
(�) are proportional to each

other, as are 	rr
(�) , 	��

(�) , and 	��
(�) . Therefore, only 14 un-

knowns and equations are needed for

�vr
�r � ,v�

�r � ,v�
�r � ,vr

�x � ,v�
�x � ,v�

�x � ,	rr
�r � ,	r�

�r � ,	r�
�r � ,	��

��� ,

	��
��� ,	r�

�x � ,	r�
�x � ,	��

�x �]T. �94�

Thus the number of unknowns is smaller than for Cartesian
coordinates.
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IV. SCALAR ACOUSTIC WAVES

We can regard the scalar acoustic waves as a special
case of the elastic waves when c jklm��� jk� lm and 	 jk

��p� jk �p now refers to the acoustic pressure field�. Then
the split equations �8� and �9� in Cartesian coordinates re-
duce to

��aq 
 t��q�vq��
qp , q�1,2,3, �95�

�aq 
 t��q�p �q ����c2 
qvq , q�1,2,3, �96�

where c���/� is the acoustic wave velocity, and the re-
peated index q does not imply summation. These equations
are the same as those given in Ref. 16 for a lossless medium.
As noted in Ref. 16, there is no need to split the velocity field
in Eq. �95�.

A. 3-D cylindrical coordinates

From Eqs. �14�–�19� and �27�, �28�, the three-
dimensional PML equations for scalar acoustic waves in cy-
lindrical coordinates (r ,� ,z) are

��ar 
 t��r�vr��
rp , �97�

��Ar 
 t��r�v���
�p , �98�

��az 
 t��z�vz��
zp , �99�

�ar 
 t��r�p
�r ����c2 
rvr , �100�

�Ar 
 t��r�p
������c2�vr�
�v��, �101�

�az 
 t��z�p
�z ����c2 
zvz . �102�

A total of six unknowns and six equations are needed, as for
Cartesian coordinates.

B. 2-D polar coordinates

For 2-D polar coordinates (r ,�), the PML equations for
scalar acoustic waves can be reduced from Eqs. �30�–�41� as

��ar 
 t��r�vr��
rp , �103�

��Ar 
 t��r�v���
�p , �104�

�ar 
 t��r�p
�r ����c2 
rvr , �105�

�Ar 
 t��r�p
������c2�vr�
�v��. �106�

That is, only four unknowns and four equations are required.

C. 2-D axisymmetric coordinates

For 2-D axisymmetric coordinates �r,z�, the PML equa-
tions for scalar acoustic waves can be reduced from Eqs.
�43�–�59� as

��ar 
 t��r�vr��
rp , �107�

��az 
 t��z�vz��
zp , �108�

�ar 
 t��r�p
�r ����c2 
rvr , �109�

�Ar 
 t��r�p
������c2vr , �110�

�az 
 t��z�p
�z ����c2 
zvz . �111�

That is, five unknowns and five equations are required. It is
interesting to note that as for the elastic waves, it takes more
unknowns for the axisymmetric coordinates than for the po-
lar coordinates.

D. 3-D spherical coordinates

Three-dimensional PML equations for scalar acoustic
waves in spherical coordinates can be obtained from Eqs.
�70�–�86� as

��ar 
 t��r�vr��
rp , �112�

��Ar 
 t��r�v���
�p , �113�

��Ar 
 t��r�v���
1
sin �


�p , �114�

�ar 
 t��r�p
�r ����c2 
rvr , �115�

�Ar 
 t��r�p
�x ����c2�2vr�

1
sin �


��v� sin ��

�
1
sin �


�v�� . �116�

It is not surprising to note that only five unknowns and five
equations are required for spherical coordinates, compared to
six in Cartesian coordinates.

V. NUMERICAL RESULTS

Although it is not the main purpose of this paper to
discuss numerical results, two simple solutions are shown
below to demonstrate the effectiveness of the PML absorber
in cylindrical and spherical coordinates. For cylindrical co-
ordinates, as the z direction is identical to that in Cartesian
coordinates,13 it is sufficient to show the results for polar
coordinates without z variations. Numerical results will be
shown for a medium with c��(��2�)/��3000m/s, s
���/��1500m/s, ��2500 kg/m3, and an excitation fre-
quency of 1 kHz. The interface between the regular medium
and a PML medium is located at r�a�5�c �where �c

�c/ f , f �1 kHz). Unless otherwise stated, the PML param-
eters inside the PML region are chosen as �r�2� f �2�
�103 Hz. The choice of �r and �z is usually made so that
they are several times the central frequency inside the fre-
quency band of interest. This ensures that waves decay rap-
idly within few wavelengths inside the PML.

In polar (r ,�) coordinates, wave fields due to an arbi-
trary source can be expressed in terms of the superposition of
cylindrical harmonics corresponding to the compressional
�P� waves and shear �S� waves. Therefore, we study the be-
haviors of outgoing P and S waves near a radial interface at
r�a between a regular medium with Láme constants �, �
and density � and an outer PML medium with the same
physical properties and a complex er . In a regular homoge-
neous unbounded medium, without loss of generality the out-
going waves can be represented as Hankel functions
Hn
(1)(kcr) and Hn

(1)(ksr), where kc����/(��2�) and ks

����/� are the P and S wave numbers. In a PML medium
with the same physical properties but with a complex func-
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tion er(r), these P and S waves become Hn
(1)(kcr̃) and

Hn
(1)(ksr̃), respectively, where r̃ is given by Eq. �20�. If we

choose the complex er(r) function as

er�� 1, for r�a

ar�
i�r

�
, for ra

,

where ar and �r are positive constant, then inside the PML
interface (r�a) is a regular medium, but outside is a PML
medium. The effects of the outer PML medium on the ab-
sorption and reflection of outgoing waves can be studied by
comparing Hn

(1)(kmr̃) and Hn
(1)(kmr) �where m�c ,s).

Figure 1�a�–�c� show the attenuation of P waves
Hn
(1)(kcr̃) inside the PML region for n�0, 3, and 6. As

expected, the P waves attenuate rapidly inside the PML re-
gion (ra). Figure 1�d� display the ratio of the P wave
Hn
(1)(kcr̃) in this two-layer medium and Hn

(1)(kcr) for a
regular unbounded medium. The fact that this ratio is 1 for
r�a in Fig. 1�d� confirms that there are no reflections at the
PML interface. Furthermore, the attenuation ratios for all
these n values are the same. The effect of ar on the attenu-
ation is shown in Fig. 2. It is seen that a large ar enhances
the attenuation. Similar observations can be made for the S
waves in this two-layer medium, and for waves in spherical
coordinates.

From the above example for propagating P waves, it is
noted that although choosing ar�1 can enhance the attenu-
ation of waves in the PML region, the effect is not very
significant. However, for evanescent waves, ar has a more
drastic effect. This can be seen from Fig. 3�a�–�d� for eva-
nescent P waves in spherical coordinates with ar�10. Com-
parison of ar�10 and ar�1 in Fig. 4 confirms that increas-
ing ar can significantly increase the attenuation rate in the
PML region for evanescent waves. On the other hand, the
effect of �r on the absorption is more obvious: A larger �r

FIG. 1. Attenuation of compressional waves in an elastic PML medium in polar coordinates (ar�100, �r�2��103 Hz). �a� H0
(1)(kcr̃). �b� H3

(1)(kcr̃). �c�
H6
(1)(kcr̃). �d� The attenuation ratio Hn

(1)(kcr̃)/Hn
(1)(kcr) for n�0, 3, and 6.

FIG. 2. Effect of ar on the absorption of compressional waves for n�0 in
polar coordinates.
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will introduce more rapid attenuation to the outgoing waves.
In the above examples, for convenience we have chosen

er to be a step function. In numerical solutions using finite-
difference time-domain �FDTD� or pseudospectral time-
domain �PSTD� methods, a tapered PML profile should be
chosen to reduce the reflections due to discretization. Fur-
thermore, a truncating boundary has to be placed in the PML
region. These issues are similar to those for Cartesian
coordinates.13,16

We show an example of the PML applications in a
finite-difference time-domain method for the axisymmetric

case encountered in borehole acoustic measurements. The
source time function is a Blackman–Harris window function
with a central frequency of f c�5 kHz. The PML variables
are chosen such that ar�az�1, and �r and �z have a linear
profile of 10 cells at the outer boundaries with �r ,max
��z,max�16� f c .

The first FDTD example is for a homogeneous solid
with c�3000m/s, s�1500m/s, ��2000 kg/m3. A grid of
Nr�Nz�61�241 with �r��z�1.2 cm, �t�1.5�s is
used to discretize the problem. A monopole ring source is
located at cell index ( j ,k)�(2,30). A reference case with a
much larger grid is compared to characterize the PML reflec-
tion errors. Within the time window of interest, there are no
reflections from the outer boundary in the reference case.
Figure 5�a� shows the distribution of 	�� along the radial
locations ( j ,15) where j�0,...,60. Excellent agreement be-
tween the two sets of results is observed in the non-PML
region of interest. Within the radial PML region, the field
decays rapidly. The small reflection errors are about �50 dB
as shown in the inset. Figure 5�b� shows the waveform at
�47, 15� as a function of time. Again, compared with the
reference case, the reflection error is less than 0.5%. Further
reduction of the reflection errors is possible.

We show one application of the FDTD method in the
simulation of the borehole acoustic measurements. A bore-
hole �radius 10 cm� with a fluid of c�1500m/s, �
�1000 kg/m3 is surrounded by a solid of c�3000m/s, s
�1100m/s, ��2200 kg/m3. The source is the same as in the

FIG. 3. Absorption of attenuative �evanescent� compressional waves by an elastic PML medium in spherical coordinates (ar�10, �r�2��103 Hz), where
k̃c�(1�0.2i)kc /�1.04. �a� h0

(1)( k̃ cr̃). �b� h3
(1)( k̃ cr̃). �c� h6

(1)( k̃ cr̃). �d� The attenuation ratio hn
(1)( k̃ cr̃)/hn

(1)( k̃ cr) for n�0, 3, and 6.

FIG. 4. Effect of ar on the PML absorption of evanescent compressional
waves for n�0 in spherical coordinates.
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last example and is located at �2, 20�, while an array of
receivers are located at (2,5k�25) where k�1,...,17. The
problem is discretized with a grid of Nr�Nz�61�121 with
�r��z�1 cm, �t�1.25�s. In Fig. 6 we compare the
FDTD results with the real-axis integration �RAI� method.25
Again, excellent agreement is observed.

The PML method presented here is also useful for full
three-dimensional FDTD and pseudospectral time-domain
�PSTD� methods.24 These applications will be investigated in
our future research.

VI. CONCLUSIONS

A perfectly matched layer �PML� is developed for elas-
tic waves in cylindrical and spherical coordinates using the
improved scheme of complex coordinates. With the intro-
duction of the integrated complex stretching variables, the
cylindrical and spherical PML schemes require no more un-
known split field components than in Cartesian coordinates.
The formulas for the special cases with 2-D polar and axi-
symmetric coordinates and for the scalar acoustic waves are

FIG. 5. PML reflection errors for the
FDTD result. �a� The distribution of
	�� along the radial direction (z
�15 cm from the source�. �b� The
waveform at z�15 cm, r�48 cm �3
cells from the PML interface�. The in-
sets display the relative errors. The
reference case has a large grid and
does not have reflections within the
time window.
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also given. The PML absorbing boundary condition is impor-
tant for the truncation of unbounded domains in numerical
methods for partial differential equations. Numerical results
confirm the efficacy of the PML absorbing boundary condi-
tion.
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