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A 3D cylindrical PML/FDTD method for elastic waves in fluid-filled
pressurized boreholes in triaxially stressed formations

Qing Huo Liu∗ and Bikash K. Sinha‡

ABSTRACT

A new 3D cylindrical perfectly matched layer (PML)
formulation is developed for elastic wave propagation
in a pressurized borehole surrounded by a triaxially
stressed solid formation. The linear elastic formation is
altered by overburden and tectonic stresses that cause
significant changes in the wave propagation character-
istics in a borehole. The 3D cylindrical problem with
both radial and azimuthal heterogeneities is suitable
for numerical solutions of the wave equations by finite-
difference time-domain (FDTD) and pseudospectral
time-domain (PSTD) methods. Compared to the pre-
vious 2.5D formulation with other absorbing boundary
conditions, this 3D cylindrical PML formulation allows
modeling of a borehole-conformal, full 3D description
of borehole elastic waves in a stress-induced heteroge-
neous formation. We have developed an FDTD method
using this PML as an absorbing boundary condition. In
addition to the ability to solve full 3D problems, this
method is found to be advantageous over the previ-
ously reported 2.5D finite-difference formulation be-
cause a borehole can now be adequately simulated with
fewer grid points. Results from the new FDTD tech-
nique confirm the principle of superposition of the influ-
ence of various stress components on both the borehole
monopole and dipole dispersions. In addition, we con-
firm that the increase in shear-wave velocity caused by a
uniaxial stress applied in the propagation direction is the
same as that applied parallel to the radial polarization
direction.

INTRODUCTION

The direction and magnitude of earth stresses are important
parameters in planning for wellbore stability during directional
drilling, hydraulic fracturing for enhanced recovery, and pre-
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vention of sand production during production. Earth stresses
also play an important role in the assessment of long-term sta-
bility of underground waste disposal sites.

Since elastic wave velocities are affected by prestress in
the propagating medium, it is conceivable that the state of
earth stresses can be estimated from sonic measurements in
a borehole penetrating formations subject to tectonic stresses.
This dependence of elastic wave velocities on biasing stresses
is known as acoustoelasticity. Biasing stresses are incremen-
tal static stresses in the propagating medium above and be-
yond those in the isotropic reference state. The reference state
is, generally, assumed to be under zero stress. Theories de-
scribing this dependence have been developed over the last
five decades (Hughes and Kelly, 1953; Toupin and Bernstein,
1961; Thurston and Brugger, 1964; Sinha and Tiersten, 1979;
Sinha, 1982; Norris et al., 1994). More recently, the acous-
toelasticity theory was applied to study the influence of bi-
asing stresses on elastic waves propagating along a fluid-
filled borehole (Sinha and Kostek, 1996). A perturbation
method has been successfully used to calculate the borehole
Stoneley and flexural wave dispersions in a borehole sur-
rounded by a uniaxially stressed formation. It is found that
flexural dispersions for the dipole source oriented parallel
and perpendicular to the stress direction exhibit a crossover.
This dipole dispersion crossover can be used as an indicator
of stress-induced anisotropy dominating over other possible
sources.

The perturbation approach is an expedient technique for the
determination of dispersion curves for borehole modes in pre-
stressed formations. However, to obtain a complete solution for
elastic wave propagation in a borehole surrounded by a forma-
tion subject to inhomogeneous biasing stresses, it is necessary
to use a finite-difference technique that readily yields the total
acoustic field produced by a given band-limited source. This
method has additional advantages of handling wave propaga-
tion even when the medium is stratified and the borehole is
noncircular. Furthermore, head waves can also be analyzed
for high-frequency measurements.
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Recently, a 2.5D finite-difference time-domain (FDTD)
method was developed to simulate elastic wave propagation
in the presence of formation stresses (Liu and Sinha, 2000).
Previously, the FDTD method had been widely used for wave
propagation in linear elastic media for acoustic well logging
applications (e.g., Yoon and McMechan, 1992; Randall, 1989,
1991; Cheng et al., 1995; Leslie and Randall, 1992; Chew and
Liu, 1996; Liu et al., 1996). More recently, a 2D finite-difference
method was developed to study the effect of borehole pressur-
ization on Stoneley and flexural waves over a wide range of
frequencies (Sinha and Liu, 1995; Sinha et al., 1996).

In this work, we develop a perfectly matched layer (PML)
absorbing boundary consition (ABC) to simulate elastic wave
propagation in the presence of formation stresses in 3D cylin-
drical coordinates. The method is suitable for both the finite-
difference method and the new pseudospectral time-domain
(PSTD) method (Liu, 1997b, 1998, 1999a). The formulation
makes use of the discovery that the straightforward exten-
sion of the Berenger (1994) PML formulation to cylindrical
coordinates does not result in a perfect match (Teixeira and
Chew, 1997; Yang et al., 1997; Liu and He, 1998; He and Liu,
1998a, b). We extend the improved cylindrical PML (He and
Liu, 1998a, b; Liu, 1998b) to elastic waves under the influence
of triaxial static stresses in cylindrical coordinates. The formu-
lation is suitable for both the FDTD and PSTD method, and
will be more efficient and stable than the previous 2.5D method
using Liao’s ABC (Liu and Sinha, 2000).

FORMULATION

Elastic wave equations for a medium under triaxial stresses

Consider elastic wave propagation in a fluid-filled bore-
hole surrounded by an inhomogeneous solid. In this work, the
medium can be inhomogeneous in all three coordinates. We
use the cylindrical coordinates (r , θ , z) to better model the
cylindrical borehole. The solid formation is subject to biaxial
tectonic stresses Sx and Sy in the x- and y-directions, the over-
burden stress Sz , as well as the borehole mud pressure PW . The
borehole axis coincides with the z-axis. Assuming that the far-
field compressive stress component Sx makes an angle θ with
the radial direction, stress components in the cylindrical-polar
coordinates in the vicinity of a borehole (r ≥ a, where a is the
radius of the borehole) are given by (Timoshenko and Goodier,
1982)

Trr = −PW
a2

r2
+ S+

2

(
1− a2

r2

)

+ S−
2

(
1+ 3a4

r4
− 4a2

r2

)
cos 2θ,

Tθθ = PW
a2

r2
+ S+

2

(
1+ a2

r2

)
− S−

2

(
1+ 3a4

r4

)
cos 2θ,

Trθ = − S−
2

(
1− 3a4

r4
+ 2a2

r2

)
sin 2θ,

Tzz = Sz + νS+ − 2νS−
a2

r2
cos 2θ,

Tzr = 0, Tzθ = 0, (1)

where S± = Sx ± Sy , and ν is the Poisson’s ratio of the formation.
The associated biasing strains in the formation are given by

Err = 1
Y

[Trr − ν(Tθθ + Tzz)],

Eθθ = 1
Y

[Tθθ − ν(Trr + Tzz)],

Erθ = Trθ

2μ
,

Ezz = 1
Y

[Tzz − ν(Trr + Tθθ )], Ezr = 0, Ezθ = 0, (2)

where ν= 0.5(c11 − 2c66)/(c11− c66) is the formation Poisson’s
ratio, Y = 2(1+ ν)μ is Young’s modulus, λ and μ are the Lamé
constants of the formation, c11= λ + 2μ, and c66=μ. The az-
imuthal angle θ is measured with respect to the positive x in the
counterclockwise direction on the x-y plane. Since the consti-
tutive relations in equations (2) do not account for any plastic
deformation, the range of stress variations must be limited to
less than the yield stress of the material.

In the presence of biaxial stresses in the propagating
medium, equations describing the small-amplitude acoustic
waves are Newton’s second law of motion written in terms
of the modified Piola-Kirchhoff stress tensor of first-kind τα j

(Norris et al., 1994). Introduction of Piola-Kirchhoff stresses is
necessary in a nonlinear formulation that accounts for changes
in the surface area and surface normal caused by a finite defor-
mation of the material. In the statically deformed (intermedi-
ate) configuration of the propagating medium, these equations
can be written in Cartesian coordinates as

ρv j,t = τα j,α, (3)

τα j,t = (cα jγβ + Hα jγβ)vγ,β, (4)

where ρ is the formation density in the statically deformed
state of the material, v j is the particle velocity, and cα jγβ is
the second-order elastic constant. In all of these equations, we
have used the Cartesian tensor notation, and the convention
that a comma followed by an index α denotes differentiation
with respect to Xα, and a comma followed by an index t de-
notes differentiation with respect to time. Both the lowercase
roman and Greek letters take on the values 1, 2, and 3. The
summation convention for repeated tensor indices is also im-
plied. Using cα jγβ AB to denote the third-order elastic constant,
and w j to denote the static displacement caused by the applied
static loading of material points with respect to the reference
state, the effective elastic stiffness tensor Hα jγβ produced by
the biasing stresses can be written as (Norris et al., 1994)

Hα jγβ = gα jγβ + Tαβδ jγ + PW (δα jδγβ − δαγ δ jη), (5)

where PW is the hydrostatic pressure in the wellbore, δ jγ is the
Kronecker delta,

gα jγβ = −cα jγβwη,η + cα jγβ AB E AB + wα,LcL jγβ

+w j,M cαMγβ + wγ,P cα j Pβ + wβ,Qcα jγ Q, (6)

wα denotes the static displacement of a material point caused
by the biasing stresses in the statically deformed configuration
of the propagating medium, and Tαβ and E AB are the biasing
stress and strain in the solid given by

Tαβ = cαβγ δwδ,γ , E AB = 1
2 (wA,B + wB,A). (7)
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It is important to note that with a nonzero biasing stress, the
Piola-Kirchhoff stress tensor τα j is no longer symmetric.

In principle, given the biasing stress components Sx and Sy ,
one can solve equations (3) and (4) for acoustic wave propaga-
tion in a borehole environment. However, since in general the
biasing stresses and strains are functions of position, as shown
in equations (1) and (2), analytical solutions of these equa-
tions are not possible. It is the purpose of this work to develop
a finite-difference method for analyzing wave propagation in a
fluid-filled borehole in the presence of inhomogeneous stresses
in the formation.

For the 3D problem, there are three velocity field com-
ponents and nine nonsymmetric stress components. Defining
vectors

v = [vr , vθ , vz]T ,

and

τ = [τrr , τθθ , τzz, τrθ , τθr , τr z, τzr , τθ z, τzθ ]T ,

we first rewrite equations (3) and (4) in cylindrical coordinates
as

ρ∂tv = Uτ, (8)

and

∂tτ = [V+W]v, (9)

where
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, (10)

where ∂t denotes the partial derivative with respect to time,
and ∂r , ∂θ , and ∂z denote partial derivatives with respect to r, θ ,
z, respectively, and

V = [ Vk ] , k = 1, . . . , 9;  = 1, . . . , 3, (11)

W = [Wk], k = 1, . . . , 9;  = 1, . . . , 3. (12)

The expressions for Vi j , Wi j , and gi j are given in Appendix A.
Note that operators U and V are those for a medium without
any biasing stress. Therefore, elements from these operators
involving τk are the same as those involving τk . However,
because of the biasing stress, the symmetry between τk and τk

is lost. This can be seen from the operator W . Unlike operator
V , rows 4, 6, and 8 are respectively different from rows 5, 7, and
9 in operator W . Therefore, unlike in conventional anisotropic
media, all nine components of τ have to be computed when the
biasing stress is present. Also note that we have used Voigt’s
compressed notation for the tensorial indices whereby 11→ 1,
22→ 2, 33→ 3, 23→ 4, 31→ 5, and 12→ 6.

3D PML absorbing boundary condition

For numerical computation, the infinite physical domain has
to be truncated to a finite computational domain. To eliminate
the reflection of waves from such an artificial outer boundary,
the recently developed PML (Chew and Liu, 1996; Liu and
Tao, 1997) is used as it provides a highly effective ABC. This
PML has been demonstrated to outperform previous ABCs in
terms of absorption. It is also known to be highly stable, even
for anisotropic and inhomogeneous media.

The PML originally proposed by Berenger (1994) for elec-
tromagnetic waves has been extended to cylindrical coordi-
nates (He and Liu, 1998a, b). For elastic waves, the PML for-
mulation by Chew and Liu (1996) has also been extended to
cylindrical coordinates (Liu, 1999b), where the detailed de-
scription of the following methodology can be found. Here, we
only summarize the main procedures in the PML formulation
for the stressed coordinates. We adopt the complex coordinate
stretching approach to formulate the PML for elastic waves in
a medium under a static biasing stress. To this end, we use the
complex coordinate transformation

r̃ =
∫ r

0
er (r ′)dr ′ = Ar (r)+ i�r (r)/ω, (13)

z̃ =
∫ z

0
ez(z′)dz′ = Az(z)+ i�z(z)/ω, (14)

where eη = aη + iωη/ω, (η= r, z) is the complex PML stretching
variable in the frequency domain, and aη, ωη are real functions
of η.

Using these complex variables to replace the original r and
z variables, the frequency-domain equations corresponding to
equations (8) and (9) can be rewritten. In particular, we do the
following substitutions in equations (9) and (10):

∂r → (ar + iωr/ω)∂r , r → (Ar + i�r/ω),

∂z → (az + iωz/ω)∂z . (15)

The field components need to be split into

v =
∑

η=r,θ,z

v(η), τ =
∑

η=r,θ,z

τ (η). (16)

Then, equations (9) and (10) can written in the frequency do-
main as

−iω(ar + iωr/ω)ρv(r) = U (r)τ, (17)
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−iω(Ar + i�r/ω)ρv(θ) = U (θ)τ, (18)

−iω(az + iωz/ω)ρv(z) = U (z)τ, (19)

−iω(ar + iωr/ω)τ (r) = [
V (r) +W (r)]v, (20)

−iω(Ar + i�r/ω)τ (θ) = [
V (θ) +W (θ)]v, (21)

−iω(az + iωz/ω)τ (z) = [
V (z) +W (z)]v, (22)

where

U (r) =

⎡
⎢⎣

∂r 0 0 0 0 0 0 0 0

0 0 0 ∂r 0 0 0 0 0

0 0 0 0 0 ∂r 0 0 0

⎤
⎥⎦ , (23)

U (θ) =

⎡
⎢⎣

1 −1 0 0 ∂θ 0 0 0 0

0 ∂θ 0 2 0 0 0 0 0

0 0 0 0 0 1 0 ∂θ 0

⎤
⎥⎦ , (24)

U (z) =

⎡
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0 0 0 0 0 0 ∂z 0 0

0 0 0 0 0 0 0 0 ∂z

0 0 ∂z 0 0 0 0 0 0

⎤
⎥⎦ . (25)

Similar splitting may be obtained for V (η) and W (η) by splitting
the elements in Appendix A into

Vk =
∑

η=r,θ,z

h(η)V (η)
k , Wk =

∑
η=r,θ,z

h(η)W (η)
k , (26)

where

h(η) =
⎧⎨
⎩

1 for η = r, z,
1
r

for η = θ.
(27)

Transforming equations (17)–(22) into the time domain, we
obtain

ρ(ar∂t + ωr )v(r) = U (r)τ, (28)

ρ(Ar∂t +�r )v(θ) = U (θ)τ, (29)

ρ(az∂t + ωz)v(z) = U (z)τ, (30)

(ar∂t + ωr )τ (r) = [
V (r) +W (r)]v, (31)

(Ar∂t +�r )τ (θ) = [
V (θ) +W (θ)]v, (32)

(az∂t + ωz)τ (z) = [
V (z) +W (z)]v. (33)

These equations can be solved by numerical methods such as
the finite-difference method in this work. As was realized for
electromagnetic waves (He and Liu, 1998a, b), with the intro-
duction of the integrated PML variables Ar and �r , the equa-
tions for cylindrical coordinates can be written in a way simi-
lar to Cartesian coordinates. Note that in equations (28)–(33),
the terms containing ∂r are lumped into the r -split equations;
whereas the terms containing 1/r in the split equations are all
lumped in the θ -split equations, as in equations (29) and (32),
even though the θ direction is periodic and does not contain a
PML layer.

2D polar coordinates

The elastic wave equations in 2D polar coordinates can be
obtained as a special case of the above formulas. Written in
their component forms, the split elastic wave equations for the
2D polar (r, θ) coordinates are

ρ(ar∂t + ωr )v(r)
ζ = ∂rτζr , ζ = r, θ, z, (34)

ρ(Ar∂t +�r )v(θ)
r = τrr − τθθ + ∂θτθr , (35)

ρ(Ar∂t +�r )v(θ)
θ = ∂θτθθ + 2τrθ , (36)

ρ(Ar∂t +�r )v(θ)
z = τr z + ∂θτθ z, (37)

ρ(az∂t + ωz)v
(z)
ζ = ∂zτz,ζ , ζ = r, θ, z, (38)

(ar∂t + ωr )τ (r) = [
V (r) +W (r)]v, (39)

(Ar∂t +�r )τ (θ) = [
V (θ) +W (θ)]v, (40)

(az∂t + ωz)τ (z) = [
V (z) +W (z)]v, (41)

where W (η) operators are given in Appendix A, and

V (r) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

λ+ 2μ 0 0

λ 0 0

λ 0 0

0 μ 0

0 μ 0

0 0 μ

0 0 μ

0 0 0

0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∂r ,

V (θ) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

λ λ∂θ 0

λ+ 2μ (λ+ 2μ)∂θ 0

0 0 0

μ∂θ −μ 0

μ∂θ −μ 0

0 0 0

0 0 0

0 0 μ∂θ

0 0 μ∂θ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (42)

Note that only the U (η) and V (η) matrices have been written
out explicitly, as matrices W (η) do not simplify much from the
3D case.

In numerical solutions of the above wave equations, the PML
parameters can be chosen appropriately to achieve a high ab-
sorption of the outgoing waves while maintaining low reflec-
tions to the inner domain of interest. For simplicity, the real
part aη = 1 can be chosen in the PML region as for the regular
medium, but the imaginary part ωη takes a smoothly tapered
profile in the PML region to increase the attenuation gradu-
ally. Further improvement in the absorption can be achieved
by gradually increasing the real part aη = 1 in the PML region
(He and Liu, 1998a, b; Liu, 1999b).
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The finite-difference method

In the finite-difference implementation, the partial differen-
tial equations (9) and (10) are approximated by using a cen-
tered differencing scheme with staggered grids both in spatial
and temporal domains. As an example, within cell ( j, k, ),
component ταα( j + 1/2, k+ 1/2, + 1/2; n) is located at r =
( j + 1/2)�r , θ = (k+ 1/2)�θ , and z= (+ 1/2)�z, and time
t = n�t ; whereas component vr ( j, k+ 1/2, + 1/2; n+ 1/2) is
actually located at r = j�r , θ = (k+ 1/2)�θ , z= (+ 1/2)�z,
and time t = (n+ 1/2)�t . We define central difference opera-
tors Dη (η= r, θ, z) and Dt as

{Dη f}(ηk, tn) = 1
�η

[ f (ηk +�η/2, tn)− f (ηk −�η/2, tn)],

{Dt f }(ηk, tn) = 1
�t

[ f (ηk, tn +�t/2)− f (ηk, �t/2)].

(43)

Equations (9) and (10) are then discretized by replacing deriva-
tives ∂r , ∂θ , ∂z , and ∂t with the finite differencing operators Dr ,
Dθ , Dz , and Dt , respectively. More details of the 3D FDTD
method for unstressed media can be found in Liu et al. (1996)
for Cartesian coordinates and in Chen et al. (1998) for cylin-
drical coordinates.

As in Cartesian coordinates, a staggered grid is used for the
finite-difference method in cylindrical coordinates, as shown
in Figure 1. The normal stress components ταα (α= r, θ, z) are
located at the center of the unit cell, the velocity components
are located at the orthogonal face centers, and the shear stress
components are located at the edge centers. Note the shear
stress components shown in Figure 1 are only the ones for a
medium under no prestress. For a medium under prestress, the
stress tensor is no longer symmetric, thus additional compo-
nents τθr , τzr , and τzθ are required, as indicated in equations
(29)–(34). The locations of τθr , τzr , and τzθ are exactly the same
as those for τrθ , τr z , and τθ z , respectively.

This grid also applies to the PML equations, where the split
field components are exactly located at the same location as

FIG. 1. A unit cell of the finite-difference staggered grid for
prestressed media. The off-diagonal stress components τβα are
located at the same positions as the corresponding component
ταβ . The diagonal stress components ταα denote normal stresses
τrr , τ00, and τzz .

the corresponding nonsplit field component. For example,
v

(r)
r , v

(θ)
r , and v

(z)
r are all located at the same location of the

grid as vr .
In an isotropic medium without prestress, this staggered grid

provides a natural frame work for the central finite-difference
method, where the required temporal and spatial derivatives
at every field point can be obtained by its immediate neigh-
bors. For example, to solve for τrr from equations (32)–(34),
one requires derivatives ∂vr/∂r , ∂vθ/∂θ , and ∂vz/∂z. As is ob-
vious from Figure 1, since τrr is exactly located at the center
of the finite-differencing direction, the central differencing will
produce a second-order accurate approximation of the spatial
derivatives. This is also true for all other components.

However, if the biasing stress is nonzero, the symmetry of
the stress tensor is destroyed and this staggered grid is natural
only for the velocity field. For the stress tensor, some spatial
averaging is required. For example, for an isotropic medium
under the prestress, the equation for τ

(r)
rr follows from equation

(32) as

(ar∂t +ωr )τ (r)
rr = (λ+ 2μ+ g22+ Trr )∂rvr + g24∂rvθ .

(44)
The first term with ∂rvr can be approximated as in the case
of without prestress. The additional derivative ∂rvθ , requires a
larger grid and averaging to obtain a second-order accuracy.
This is illustrated by Figure 2 for τ

(r)
rr located at the center of

the cell i, j, k,

∂rvθ ≈ 1
2�r

[vθ (i + 1, j + 1, k)− vθ (i − 1, j + 1, k)

+ vθ (i + 1, j, k)− vθ (i − 1, j, k)], (45)

where i, j, k are the discrete indices in (r, θ, z) direc-
tions. Similar averaging schemes are applied to other field
components.

Computational issues

Two important issues associated with the FD method for
this problem are the grid-dispersion error and stability con-
dition. Since the propagating medium is both anisotropic and

FIG. 2. To obtain a second-order accuracy in a prestressed for-
mation, averaging is necessary, as shown here for the averaging
of ∂rvθ for updating τrr on the (r, θ) plane.
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heterogeneous, we have not been able to find any closed form
solutions for the dispersion error and stability condition for
such a complex system. However, extensive numerical tests
have been performed to investigate these issues. In general,
for the grid-dispersion error to be small (less than 1% error),
the grid spacings �r and �z must be chosen such that

�r, �z ≤ λmin

10
, (46)

where λmin is the minimum wavelength corresponding to the
slowest wave speed vmin at the highest frequency fmax of inter-
est. For example, using the Blackman-Harris window (Sinha
et al., 1996) as the time function, given the center frequency
fc, the highest frequency fmax of interest is usually chosen as
fmax = 3 fc, corresponding to a spectral magnitude less than
−60 dB from the peak magnitude. The slowest wave speed vmin

is calculated in the presence of stresses. In a typical example
described in this paper, we have used grid spacings in both the
radial �r and axial �z directions of 1 cm. The number of grid
cells in the r - and z-directions are Nr = 108 and Nz = 435, re-
spectively; whereas the number of grid cells in the θ-direction
is Nθ = 20. This discretization gives an adequate accuracy for
receivers located inside the borehole of radius 10 cm and as-
sumed center frequency of 5 kHz.

Numerous computational tests have confirmed that the sta-
bility condition of the finite-difference scheme for this complex
system is the same as for an isotropic case, i.e.,

�t ≤ �xmin√
3vmax

, (47)

where �xmin is the smallest grid spacing in all directions, and
vmax is the maximum wave speed in the medium in the presence
of formation stresses. A time-step �t = 0.4 μs is adequate for
the assumed formation stresses and material parameters.

We have implemented multipole sources by introducing the
source function

s(x, t) = 1
r
δ(r − rs)δ(z − zs) cos(mθ) f (t),

where f (t) is the Blackman-Harris window function in our
examples, in addition to the normal stress components at the
source location (rs, zs) within the borehole fluid.

NUMERICAL RESULTS

We have implemented the FDTD algorithm with the PML
absorbing boundary condition for this 3D problem. Computa-
tional results are presented to demonstrate the validity of the
FDTD program and show its applications in sonic well logging
in prestressed formations.

The PML ABC was chosen because it provides a zero re-
flection in the continuous limit (Liu, 1997a, 1999b). In the dis-
cretized form, it is much more effective than other absorb-
ing boundary conditions. This is especially true for prestressed
formations because few known ABCs work well under such
anisotropic conditions (Lindman, 1975; Liao et al., 1984). Pre-
viously, we have used Liao’s ABC for the 2.5D problem (Liu
and Sinha, 2000). Such an ABC requires double precision for
the method to be stable. The current method with the PML
ABC is stable with single precision even when a large num-
ber (50 000) of time steps are computed (however, because of
the complex system, we are unable to prove theoretically the

stability of the PML/finite-difference scheme). Furthermore,
since Liao’s ABC requires material homogeneity in the direc-
tion normal to the outer boundary, its use is inappropriate if
dipping beds are present. The newly developed PML ABC can
easily overcome this problem.

Figure 3 shows a schematic diagram of a borehole of radius
a, taken here as 10 cm (4 inches) in a porous formation subject
to three principal stresses TX X , TY Y , and TZ Z . PW and PP denote
the wellbore hydrostatic and the pore pressures, respectively.

Elastic wave velocities in porous materials change as a func-
tion of effective stresses in the propagating medium. These
effective stresses Si j are defined by (Nur and Byerlee, 1971)

Si j = Ti j − αδi j PP , (48)

where Ti j is the applied stress, and the Biot parameter α is given
by

α = 1− K

KS
, (49)

where K is the bulk modulus of the dry aggregate and KS is
the intrinsic bulk modulus of the solid matrix. Even though
the porosity effect is not explicit in this expression, it is in-
cluded in the value of the effective bulk modulus K of the
dry aggregate. In the case of porous materials, the biasing
stress components Tαβ in equations (5)–(7) are replaced by
the effective stress components Si j defined by equation (48).
Table 1 contains a summary of the formation linear and non-
linear constants that have been used in the finite-difference
calculations of synthetic waveforms in the presence of forma-
tion stresses as well as borehole overpressure. The borehole
fluid is water with compressional velocity v f = 1500 m/s, and
mass density ρ f = 1000 kg/m3. The borehole radius is 10 cm.

FIG. 3. Schematic of a fluid-filled borehole in a triaxially
stressed formation. TX X , TY Y , and TZ Z denote the three principal
stresses. PW and PP represent the wellbore and pore pressures,
respectively.
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Results for a homogeneous formation are obtained assuming
that the compressional velocity vp = 2320 m/s and shear ve-
locity vs = 1500 m/s for radial position r = 10 cm to infinity.
Synthetic waveforms have been computed from a 3D cylin-
drical FDTD method for analyzing elastic waves in fluid-filled
pressurized boreholes in triaxially stressed formations. Results
have been obtained for an assumed source defined by a first-
derivative of Blackman-Harris window with a center frequency
of 5 kHz (Liu and Sinha, 2000). Synthetic waveforms have been
calculated at an extended array of 30 receivers placed on the
borehole axis. The nearest receiver is 1.25 m from the dipole
transmitter, and the interreceiver spacing is 10 cm. The farthest
receiver is at a distance of 4.15 m from the transmitter.

In the following examples, a dipole or monopole source is
used to excite the acoustic wavefield. The time function fs(t)
of the source is the second derivative of the Blackman-Harris
window function. The center frequency of this time function is
chosen as fc = 5 kHz.

PML profile

The PML profiles for the prestressed formations involve four
parameters, i.e., the scaling and attenuation factors ar and ωr

for the radial direction, and az and ωz for the vertical direction.
The auxiliary factors Ar and �r are the integrated scaling and
attenuation factors in the radial direction and are responsible
for the split field components in the θ direction.

In our implementation, for simplicity we choose the scaling
factors ar = az = 1. As the attenuation factors ωr and ωz have
the dimension of frequency, we will scale these with the central
angular frequency ωc = 2π fc where fc is the central frequency
of the source time function (5 kHz in the following examples).
In our numerical examples, the profiles of ωr (r) and ωz(z) are
chosen to be linear (P = 1) or quadratic (P = 2) inside the PML
regions

ωη(r) = ωc
smax(Lη − x)P

L P
η

, η = r, z, (50)

where Lη is the thickness of the PML layer, and x is the distance
from the interface between the PML and the regular medium.
For the following examples, Lη is 10 cells thick, and smax= 8, as
shown in Figure 4 for linear (P = 1) profiles.

Comparison with analytical solutions

We first examine the performance of the computer program
for the special case where the prestress is set to zero. Under
such a condition, the result should reduce to the regular linear
case under no prestress. Figure 5 shows the particle velocity
waveforms due to a dipole source in a fluid-filled borehole.
The numerical results have an excellent agreement with ana-
lytical solutions obtained by the dyadic Green’s function for
cylindrically layered media given by Lu and Liu (1995).

Table 1. Material properties for dry Berea Sandstone.

ρ vp vs c111 c112 c123
(kg/m3) (m/s) (m/s) (GPa) (GPa) (GPa)

2062 2320 1500 −21 217 −3044 2361

Comparison with 2.5D Cartesian FDTD method

In Figure 6, we compare waveforms obtained by this com-
puter program with those obtained by Liu and Sinha (2000)
using a 2.5D FDTD method. The formation is the same as in
the last case, and the center frequency is now 5 kHz. Note that in
the 2.5D method, there are some artificial arrivals in the early
time due to the kz integration. Such artifacts are completely
absent in this 3D cylindrical FDTD method. The later arrivals
match reasonably well. Furthermore, in Figure 6a, we show
good agreement between the 3D and 2.5D finite-difference
numerical results for the unstressed formation.

Monopole waves in triaxially stressed formations

The presence of a borehole in a triaxially stressed formation
(Figure 3) causes both radial and azimuthal heterogeneities
(Sinha and Kostek, 1996). In addition, the borehole pressure
PW is controlled by the drilling mud weight to maintain well-
bore stability. Elastic waves propagating along such a fluid-
filled borehole are affected by the formation effective overbur-
den stress S11 and the two effective horizontal stresses S22 and
S33, as well as the wellbore overpressure PW . It is of interest

FIG. 4. Typical PML profiles for r and z directions.
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FIG. 5. Comparison of FD waveforms with analytical solutions
for an unstressed formation.

FIG. 6. Dipole waveforms for a formation under biaxial pre-
stress for a center frequency of 10 kHz. (a) S22=−5 MPa,
S11= S33= 0. (b) S33=−5 MPa, S22= S33 = 0.

to calculate changes in borehole dispersions caused by any
of these formation stress components. We will present results
from the FDTD method for the formation with and without
any stresses. The frequency-dependent stress coefficients of
Stoneley slownesses can then be calculated from the differ-
ences between the slowness dispersions obtained for a forma-
tion with and without stresses.

Figure 7 shows synthetic waveforms at a subarray of the
10th through the 17th receivers. The receiver distance is mea-
sured from the transmitter location along the borehole axis.
The green curves denote monopole waveforms in the presence
of an effective vertical stress S11=−5 MPa. We follow a con-
vention that a negative or positive sign denotes a compressive
or tensile stress, respectively. The red and blue curves, respec-
tively, represent monopole waveforms in the presence of ef-
fective stresses S22=−5 MPa, and S33=−5 MPa. Notice that
the red and blue curves overlay identically, confirming that the
effect of horizontal stress on monopole waves is independent
of azimuth. Figure 8 displays monopole waveforms (in red) in
the presence of triaxial stresses S11= S22= S33=−5 MPa, and
a wellbore overpressure PW =−5 MPa. The black curves de-
note monopole waveforms in the absence of any formation
stresses. The formation is assumed to be homogeneous and
isotropic in the absence of stresses. Figure 9 compares three sets
of waveforms—the black, blue, and red curves, respectively,
denote monopole waveforms in the absence of any formation
stresses, in the presence of wellbore pressure PW =−5 MPa,
and in the presence of wellbore pressure PW =−5 MPa to-
gether with triaxial stresses S11= S22= S33=−5 MPa. Notice
that formation arrivals appear earlier in the presence of forma-
tion stresses. These synthetic waveforms have been processed
by a modified matrix pencil algorithm that separates both the
dispersive and nondispersive arrivals in the wavetrain (Lang
et al., 1987; Ekstrom, 1995). Figure 10 shows the two dominant
arrivals in the synthetic waveforms obtained in the absence of
any formation stresses (S00= 0), and in the presence of ver-
tical stress S11=−5 MPa, horizontal stresses S22=−5 MPa,

FIG. 7. Monopole waveforms I: The green, red, and blue
curves denote monopole waveforms in the presence of effec-
tive stresses S11=−5 MPa, S22=−5 MPa, and S33=−5 MPa,
respectively. Notice that the red and blue curves overlap each
other (red curve is not visible) implying that the influence of ei-
ther S22 or S33 is identically the same on monopole waveforms.



Elastic Waves in Pressurized Boreholes 1739

and S33=−5 MPa, separately. Notice that the two dominant
arrivals, the Stoneley and pseudo-Rayleigh modes, are identi-
cally the same for either S22 or S33=−5 MPa. Figure 11 dis-
plays a summary of monopole dispersions obtained from syn-
thetic waveforms generated for six different biasing stresses.
The black curves denote monopole dispersions associated with
the formation in the absence of any formation stresses. The red
and blue curves overlap each other. They correspond to the
horizontal stresses S22 or S33=−5 MPa. When the wellbore
overpressure PW =−5 MPa together with all the three princi-
pal stresses S11= S22= S33=−5 MPa, again the two dominant
dispersions are the Stoneley and pseudo-Rayleigh modes, de-
noted by magenta curves. These results indicate that changes in
monopole dispersions caused by individual components of pre-
stress can be superposed to obtain results in the present case
of a sum of the individual stress components. Consequently,

FIG. 8. Monopole waveforms II: The red curves repre-
sent monopole waveforms in the presence of stresses
S11= S22= S33= PW =−5 MPa, and the black curves denote
waveforms in the absence of any stresses.

FIG. 9. Monopole waveforms III: The blue curves denote
monopole waveforms in the presence of wellbore overpressure
PW =−5 MPa. The red curves represent monopole waveforms
in the presence of stresses S11= S22= S33= PW =−5 MPa, and
the black curves denote waveforms in the absence of any
stresses.

the principle of superposition is demonstrated for monopole
dispersions associated with difference stress components.

Dipole waves in triaxially stressed formations

The presence of a uniaxial stress in the propagating medium
causes shear-wave splitting. Two shear waves with radial polar-
ization parallel and perpendicular to the uniaxial stress prop-
agate with different velocities. It is known that an increase in
shear-wave velocity caused by a uniaxial stress applied in the
propagation direction is the same as that applied parallel to
the radial polarization direction. It has also been shown that

FIG. 10. Monopole dispersions I: The green, red, and blue
markers denote monopole dispersions in the presence of
S11=−5 MPa, S22=−5 MPa, S33=−5 MPa, respectively.
These dispersions are obtained from the synthetic waveforms
shown in Figure 7. The black markers represent monopole dis-
persions obtained from the synthetic (black) waveforms shown
in Figure 8, in the absence of any formation stresses.

FIG. 11. Monopole dispersions II: The notation for the black,
green, red, and blue markers is the same as that in Figure 10.
The cyan and magenta curves markers denote monopole dis-
persions obtained in the presence of the wellbore overpressure
PW =−5 MPa and S11= S22= S33= PW =−5 MPa, respectively.
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the presence of a borehole in a uniaxially stressed formation
causes dipole dispersion crossovers (Winkler et al., 1994, 1998;
Sinha et al., 1995; Sinha and Kostek, 1996; Liu and Sinha, 2000).
We shall demonstrate in this section that both of these obser-
vations are described by the new 3D FDTD method.

In Figure 12, we show dipole waveforms recorded at a sub-
array of the 10th through the 17th receivers. As is the case in
Figure 7, the green curves denote waveforms in the presence
of an effective vertical stress S11=−5 MPa. The red and blue
curves, respectively, represent dipole waveforms in the pres-
ence of effective stresses S22=−5 MPa and S33=−5 MPa. The
dipole transmitter is always parallel to the stress S22-direction
in this study. Notice that the dipole arrivals appear earlier
for the case of dipole transmitter parallel to the horizontal
stress S22-direction than that for the transmitter perpendicu-
lar to the horizontal stress S33-direction. Figure 13 compares
synthetic waveforms obtained in the case of a formation with-
out any prestress with those in the case of a wellbore over-
pressure PW =−5 MPa, together with the principal stresses
S11= S22= S33=−5 MPa. Any increase in the effective stiff-
ness of the formation caused by formation stresses seem to
increase both the formation signal amplitude and wave veloci-
ties. In Figure 14, we overlay dipole waveforms obtained in the
presence of a wellbore overpressure PW =−5 MPa on the two
sets of waveforms shown in Figure 13. The presence of wellbore
overpressure causes an increase in velocities of high-frequency
components because of stress concentrations.

Figure 15 shows flexural dispersions obtained from synthetic
waveforms for the formation in the absence of any prestress
(S00= 0) and in the presence of either one of the principal
stresses S11, S22, or S33=−5 MPa. These results clearly demon-
strate that dipole dispersions exhibit crossovers for flexural
waves propagating along the borehole axis with radial polar-
izations parallel to the uniaxial stress S22 (red curve), and per-
pendicular to the uniaxial stress S33 (blue curve). Note that the
dipole transmitter is always oriented parallel to the horizon-
tal stress S22-direction. Notice that the decrease in the shear
slowness at low frequencies is exactly the same as as that for
S11=−5 MPa or S22=−5 MPa. These results indicate that a de-

FIG. 12. Flexural waveforms I: The green, red, and blue curves
denote dipole waveforms in the presence of effective stresses
S11=−5 MPa, S22=−5 MPa, and S33=−5 MPa, respectively.

crease in shear slowness (or an increase in shear velocity) is the
same for a prestress applied either parallel to the propagation
direction (S11=−5 MPa) or parallel to the radial polarization
direction (S22=−5 MPa). It is also of interest to observe that
shear headwaves are evident in Figure 15 only when the dipole
transmitter is parallel to the (maximum) horizontal stress di-
rection. Figure 16 displays a summary of flexural dispersions
obtained from six sets of synthetic waveforms corresponding
to six different prestress conditions. Again, these results con-
firm the principle of superposition of stress effects on flexural
dispersions.

Insofar as the low-frequency asymptotes of dipole disper-
sions denote shear slownesses for waves propagating along
the borehole axis, these results confirm that an increase in the
shear-wave velocity caused by a uniaxial stress applied in the

FIG. 13. Flexural waveforms II: The red curves represent dipole
waveforms in the presence of stresses S11= S22= S33= PW =−5 MPa, and the black curves denote waveforms in the absence
of any stresses.

FIG. 14. Flexural waveforms III: The blue curves denote
dipole waveforms in the presence of wellbore overpres-
sure PW =−5 MPa. The red curves represent dipole wave-
forms in the presence of stresses S11= S22= S33= PW =−5 MPa, and the black curves denote waveforms in the ab-
sence of any stresses.
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propagation direction is the same as that applied parallel to
the radial polarization direction.

CONCLUSIONS

We have developed a 3D cylindrical FDTD method with
PML for analyzing elastic waves in fluid-filled boreholes in
triaxially stressed formations. This formulation provides a
borehole-conformal, full 3D description of borehole elastic
waves in a stress-induced heterogeneous formation. Compari-
son with an analytical solution and a previously reported 2.5D
FDTD method have been shown to validate the 3D cylindri-
cal FDTD method and to demonstrate its application in the

FIG. 15. Flexural dispersions I: The black markers represent
dipole dispersions in the absence of any formation stresses
(S00= 0). The green, red, and blue markers denote flexural dis-
persions in the presence of S11=−5 MPa, S22=−5 MPa, and
S33=−5 MPa, respectively.

FIG. 16. Flexural dispersions II: The notation for the black,
green, red, and blue markers is the same as that in Figure 15.
The cyan and magenta markers denote dipole dispersions in
the presence of the wellbore overpressure PW =−5 MPa, and
S11= S22= S33= PW =−5 MPa, respectively.

determination of stress coefficients of Stoneley and flexural
velocities as a function of frequency.

This 3D PML/FDTD method has several advantages over
the previously reported 2.5D FDTD method (Liu and Sinha,
2000). (1) It can consider 3D heterogeneities, whereas the 2.5D
FDTD method only allows heterogeneities in the plane trans-
verse to the borehole axis. (2) This method accounts for the
static wellbore pressure and the vertical overburden stress in
the model, whereas the previous 2.5D method only allows
transverse stresses. (3) The PML/FDTD method is significantly
more accurate and stable than the Liao’s absorbing boundary
condition (Liao et al., 1984) used in the 2.5D FDTD method.
(4) There is no kz integration in this method, thus eliminat-
ing the artifacts often associated with this integration in 2.5D
methods. (5) The cylindrical grid is conformal to the borehole
geometry. This feature allows a larger cell size compared to the
2.5D FDTD method, which requires a very fine Cartesian grid
in order to model the circular borehole and reduce the associ-
ated staircasing error. Thus, even for 3D heterogeneities, this
method has a better computational efficiency than the previ-
ously reported 2.5D FDTD method in our implementations.

Results from the FDTD technique confirm the principle of
superposition of the influence of various stress components on
both the borehole monopole and dipole dispersions. The range
of stress variations must, of course, be limited to less than the
yield stress of the material. The stress coefficients of velocities
as a function of frequency can, therefore, be calculated from the
differences between the borehole dispersion in the absence of
any prestress and those in the presence of one of the principal
stresses. In addition, low-frequency dipole flexural dispersions
confirm that the increase in shear-wave velocity caused by a
uniaxial stress applied parallel to the propagation direction
is the same as that applied parallel to the radial polarization
direction of shear waves.
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APPENDIX A

ELEMENTS OF MATRICES V(9×× 3), W(9×× 3), AND g(6×× 6)

The elements of matrices V and W in equations (11) and (12)
are given below:

Vk= V (r)
k +

1
r

V (θ)
k + V (z)

k , Wk=W (r)
k +

1
r

W (θ)
jk +W (z)

k ,

V (r)
11 = c22∂r , V (θ)

11 = c24∂θ + c23, V (z)
11 = c26∂z,

V (r)
12 = c24∂r , V (θ)

12 = c23∂θ − c24, V (z)
12 = c25∂z,

V (r)
13 = c26∂r , V (θ)

13 = c25∂θ , V (z)
13 = c12∂z,

V (r)
21 = c23∂r , V (θ)

21 = c34∂θ + c33, V (z)
21 = c36∂z,

V (r)
22 = c34∂r , V (θ)

22 = c33∂θ − c34, V (z)
22 = c35∂z,

V (r)
23 = c36∂r , V (θ)

23 = c35∂θ , V (z)
23 = c13∂z,

V (r)
31 = c12∂r , V (θ)

31 = c14∂θ + c13, V (z)
31 = c16∂z,

V (r)
32 = c14∂r , V (θ)

32 = c13∂θ − c14, V (z)
32 = c15∂z,

V (r)
33 = c16∂r , V (θ)

33 = c15∂θ , V (z)
33 = c11∂z,

V (r)
41 = c24∂r , V (θ)

41 = c44∂θ + c34, V (z)
41 = c46∂z,

V (r)
42 = c44∂r , V (θ)

42 = c34∂θ − c44, V (z)
42 = c45∂z,

V (r)
43 = c46∂r , V (θ)

43 = c45∂θ , V (z)
43 = c14∂z,

V (η)
5k = V (η)

4k , η= r, θ, z; k= 1, 2, 3,

V (r)
61 = c26∂r , V (θ)

61 = c46∂θ + c36, V (z)
61 = c66∂z,

V (r)
62 = c46∂r , V (θ)

62 = c36∂θ − c46, V (z)
62 = c56∂z,

V (r)
63 = c66∂r , V (θ)

63 = c56∂θ , V (z)
63 = c16∂z,

V (η)
7k = V (η)

6k , η= r, θ, z; k= 1, 2, 3,

V (r)
81 = c25∂r , V (θ)

81 = c45∂θ + c35, V (z)
81 = c56∂z,

V (r)
82 = c45∂r , V (θ)

82 = c35∂θ − c45, V (z)
82 = c55∂z,

V (r)
83 = c56∂r , V (θ)

83 = c55∂θ , V (z)
83 = c15∂z,

V (η)
9k = V (η)

8k , η= r, θ, z; k= 1, 2, 3,

W (r)
11 = (g22+ Trr )∂r , W (θ)

11 = (g24+ Trθ )∂θ + (g23+ PW ),

W (z)
11 = (g26 + Tzr )∂z,

W (r)
12 = g24∂r , W (θ)

12 = (g23 + PW )∂θ − (g24 + Trθ ),

W (z)
12 = g25∂z,

W (r)
13 = g26∂r , W (θ)

13 = g25∂θ , W (z)
13 = (g12 + PW )∂z,

W (r)
21 = (g23 + PW )∂r ,

W (θ)
21 = g34∂θ + (g33 + Tθθ ), W (z)

21 = g36∂z,

W (r)
22 = (g34 + Trθ )∂r ,

W (θ)
22 = (g33 + Tθθ )∂θ − g34, W (z)

22 = g35∂z,

W (r)
23 = g36∂r , W (θ)

23 = g35∂θ , W (z)
23 = (g13 + PW )∂z,

W (r)
31 = (g12 + PW )∂r ,



Elastic Waves in Pressurized Boreholes 1743

W (θ)
31 = g14∂θ + (g13 + PW ), W (z)

31 = g16∂z,

W (r)
32 = g14∂r , W (θ)

32 = (g13+ PW )∂θ − g14, W (z)
32 = g15∂z,

W (r)
33 = (g16 + Tzr )∂r ,

W (θ)
33 = (g15 + Tzθ )∂θ , W (z)

33 = (g11 + Tzz)∂z,

W (r)
41 = g24∂r ,

W (θ)
41 = (g44 − PW )∂θ + (g34 + Trθ ), W (z)

41 = g46∂z,

W (r)
42 = (g44 + Trr )∂r ,

W (θ)
42 = (g34+ Trθ )∂θ − (g44 − PW ), W (z)

42 = (g45+ Tzr )∂z,

W (r)
43 = g46∂r , W (θ)

43 = g45∂θ , W (z)
43 = g14∂z,

W (r)
51 = (g24 + Trθ )∂r ,

W (θ)
51 = (g44 + Tθθ )∂θ + g34, W (z)

51 = (g46 + Tzθ )∂z,

W (r)
52 = (g44 − PW )∂r ,

W (θ)
52 = g34∂θ − (g44 + Tθθ ), W (z)

52 = g45∂z,

W (r)
53 = g46∂r , W (θ)

53 = g45∂θ , W (z)
53 = g14∂z,

W (r)
61 = g26∂r , W (θ)

61 = g46∂θ + g36, W (z)
61 = (g66 − PW )∂z,

W (r)
62 = g46∂r , W (θ)

62 = g36∂θ − g46, W (z)
62 = g56∂z,

W (r)
63 = (g66 + Trr )∂r ,

W (θ)
63 = (g56 + Trθ )∂θ , W (z)

63 = (g16 + Tzr )∂z,

W (r)
71 = (g26 + Tzr )∂r ,

W (θ)
71 = (g46 + Tzθ )∂θ + g36, W (z)

71 = (g66 + Tzz)∂z,

W (r)
72 = g46∂r , W (θ)

72 = g36∂θ − (g46+ Tzθ ), W (z)
72 = g56∂z,

W (r)
73 = (g66 − PW )∂r , W (θ)

73 = g56∂θ , W (z)
73 = g16∂z,

W (r)
81 = g25∂r , W (θ)

81 = g45∂θ + g35, W (z)
81 = g56∂z,

W (r)
82 = g45∂r , W (θ)

82 = g35∂θ − g45, W (z)
82 = (g55 − PW )∂z,

W (r)
83 = (g56 + Trθ )∂r ,

W (θ)
83 = (g55 + Tθθ )∂θ , W (z)

83 = (g15 + Tzθ )∂z,

W (r)
91 = g25∂r ,

W (θ)
91 = g45∂θ + (g35 + Tzθ ), W (z)

91 = g56∂z,

W (r)
92 = (g45 + Tzr )∂r ,

W (θ)
92 = (g35 + Tzθ )∂θ − g45, W (z)

92 = (g55 + Tzz)∂z,

W (r)
93 = g56∂r , W (θ)

93 = (g55 − PW )∂θ , W (z)
93 = g15∂z,

The expressions for gi j in the above equations are given by

g11 = c111 Ezz + c112(Err + Eθθ )

+ (λ+ 2μ)(3Ezz − Err − Eθθ ),

g22 = c111 Err + c112(Ezz + Eθθ )

+ (λ+ 2μ)(3Err − Ezz − Eθθ ),

g33 = c111 Eθθ + c112(Ezz + Err )

+ (λ+ 2μ)(3Eθθ − Ezz − Err ),

g44 = c144 Ezz + c155(Err + Eθθ )+ μ(Err + Eθθ − Ezz),

g55 = c144 Err + c155(Ezz + Eθθ )+ μ(Ezz + Eθθ − Err ),

g66 = c144 Eθθ + c155(Ezz + Err )+ μ(Ezz + Err − Eθθ ),

g12 = c112(Ezz + Err )+ c123 Eθθ + λ(Ezz + Err − Eθθ ),

g13 = c112(Ezz + Eθθ )+ c123 Err + λ(Ezz + Eθθ − Err ),

g23 = c112(Err + Eθθ )+ c123 Ezz + λ(Err + Eθθ − Ezz),

g14 = 2(c144 + λ)Erθ ,

g25 = 2(c144 + λ)Ezθ ,

g36 = 2(c144 + λ)Ezr ,

g45 = 2(c456 + μ)Ezr ,

g46 = 2(c456 + μ)Ezθ ,

g56 = 2(c456 + μ)Erθ ,

g15 = 2(c155 + λ+ 2μ)Ezθ ,

g16 = 2(c155 + λ+ 2μ)Ezr ,

g24 = 2(c155 + λ+ 2μ)Erθ ,

g26 = g16, g34 = g24, g35 = g15.

In the foregoing equations, we have used Voigt compressed
notation for the formation nonlinear constants. There are only
three independent nonlinear constants for an isotropic forma-
tion in the reference state. If we choose c111, c112, and c123 as
the three independent nonlinear constants, c144, c155, and c456

can be expressed as

c144 = 1
2

(c112 − c123),

c155 = 1
4

(c111 − c112),

c456 = 1
8

(c111 − 3c112 + 2c123).

Err , Eθθ , Ezz , Erθ , Eθ z , and Ezr are the six static strain
components in the formation that can be calculated from
equations (2). In the assumed plane strain approximation,
Ezz = Ezr = Ezθ = 0.


